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THE INTENSITIES HARMONIC BANDS THE 


Ta-You 


ABSTRACT 

The approximate intensity ratio 1:3 1:4 for the and 3-0 vibrational 
bands observed Herzberg seems rather high the basis the usual 
anharmonicity considerations. understand this, the problem discussed 
qualitatively the basis classical mechanics. quantum mechanical calcu- 
lation the intensities various vibrational transitions made extension 
the perturbation theory treatment Wick for the fundamental band. The 
relative intensities the various vibrational bands are finally expressed 
function the ratio a(0; the matrix elements, with respect the 
vibrational states and quantity closely resembling the polarizability 
the molecule. For the and 3-0 bands, the intensity ratio does not 
depend very much the ratio has the value 0.27, agreement with the 
approximate observed value. The case the molecular ion also briefly 
discussed. 


well known that the vibrational transitions symmetrical diatomic mole- 
cules like are inactive dipole radiation emission and absorption 
account the symmetry the electric charges during the vibrational motion. 
the molecule, however, account the difference mass between the 
and the atoms, there relative displacement between the electric center 
the two electrons and that the two nuclei during the vibrational motion, 
that vibrational transitions are accompanied changes the electric dipole 
moment the system and become active emission and absorption. Recently, 
using long absorption path, Herzberg has observed and measured number 
lines the 4-0 and 3-0 vibrational bands the photographic infrared (2). The 
most interesting feature the observation seems the rather high value for 
the ratio the intensities the bands, namely, 1:4. This 
ratio seems greater than the usual value for two successive harmonic bands 
diatomic molecules. hence interest understand this observed intensity 
ratio both classically and the basis quantitative calculations according 
quantum mechanics. The present note gives the result such study. 

Let first treat the problem according classical mechanics and simplify the 
problem replacing the two electrons single particle charge— and 
mass 2m. Let the coordinates this negative charge and the two nuclei, masses 
x1, respectively, all measured along the line the nuclei. Let 


that the separation the two nuclei, the distance between the negative 
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charge and the center the positive charges the nuclei, and the co- 
ordinate the center mass the system whole. The kinetic energy 
vibration the system 


M, a M, 


where 

(2) 


Let assume the simple potential energy 


The frequencies the two normal vibrations can shown given 


(3) 
The two normal coordinates are given approximately 
(4) 


where are constants. the high-frequency normal vibration the ampli- 
tude the nuclear motion small compared with that the electronic motion, 
vibration arbitrary, but the electronic displacement from the center 
that had not been for the asymmetry and would have been 
the normal coordinates themselves. 
The electric moment the system given 

(5) 


The term having the high frequency may identified with the 
electric moment due the motion the electrons relative the nuclei 
whole. The term having the low the electric moment 
associated with the vibrational motion the and vanishes only 
This term gives rise the emission and absorption the vibrational 
band the infrared. 
the motion strictly simple harmonic, only the fundamental frequency will 
observable dipole radiation. the anharmonicity the motion taken 
into account, then the electric moment will longer given the 


| 
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above expression the normal coordinates but Fourier series the two 
fundamental frequencies and the form 


where the coefficients are determined two effects, namely, the anharmonicity 
the potential which independent the nuclear masses, and the term con- 
taining the difference the kinetic energy expression which acts 
perturbation the anharmonic oscillator. account this effect, the intensi- 
ties the harmonic bands the system will different from those arising from 
the anharmonicity alone. The problem intensities much more easily treated 
the method quantum mechanics, shall show below. 


interest consider this connection the molecular ion this 
case, all the above calculations the normal vibrations hold; but now the electric 
moment the system 


expressing this terms the normal coordinates and and neglecting 


small quantities containing compared with unity (the electron mass 
being now instead for HD), one obtains 


times greater than that the molecule. The intensity the infrared 
absorption band will hence about times greater than that HD. 
This due the presence net positive charge oscillating with the molecule 
which not present the case the molecule. attempt 
observe the spectrum corresponding the normal mode was made 
Herzberg the University Michigan 1939 without success, apparently 
because lack sufficient number HD* ions. 


treat the problem the relative intensities the various vibrational tran- 
sitions according the quantum mechanics, shall follow Wick (3) who 
has given the treatment for the fundamental band. Since are primarily con- 
cerned with the electric moment the molecule along the line nuclei, shall 
introduce the coordinates for the two electrons measured from the electrical 
center the two nuclei, along the line the nuclei. Let the separation 
between the two nuclei and the coordinate the center mass the whole 
system. can easily shown that apart from terms representing the kinetic 
energy the electrons due the component motions perpendicular the 
nuclear axis, the Hamiltonian the system is, with the notation Equation (2), 


potential energy due the electrons and the nuclei 


| 
| 
| 2 
— 
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The first term represents the kinetic energy the system whole, the terms 
represent the kinetic energy the electrons due motions along the 
line nuclei, the term the energy relative motion the two nuclei, and 
the last term involving both the electronic and the nuclear coordinates represents 
the coupling between the vibrational and the electronic motions. This last term 
vanishes for the symmetrical molecule and, for the case 
responsible for the activity the vibrational transitions absorption and 
emission. 


For the ion, there only one electron that the Hamiltonian (9) 
becomes 


potential energy due the electron and the nuclei 


seen that the part square brackets here the quantum transcription 
the classical expression (1) (1) replaced 

For the molecule, the Schrédinger equation obtained from the Hamil- 
tonian (9). solve this equation, shall treat the last term pertur- 
bation the system symmetrical molecule reduced mass shall 
denote this last term and write 

The wave function the perturbed system the electronic state and vi- 
brational state 


0 
miu 
7 
mu +n,0 Emu 


where are the wave function and energy respectively the state 


the unperturbed system, and 
(13) (m, |n, v) | v dryin, 


The prime the summation (12) indicates that the summation taken over 
all intermediate states m,u except and The matrix element (13) 
can written, according the rule matrix multiplication, 


where the matrix elements and are taken with respect the unperturbed 
wave functions, (13). The reason for writing (13) the form (14) that 
the matrix elements and can expressed terms the matrix elements 
Z(= 21+ 22) respectively. 
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Consider for example the Schrédinger equation for any three-dimensional 
motion 


multiplying this similar equation for subtracting one re- 
sulting equation from the other, integrating over and using the boundary con- 
ditions the one obtains the relation 


from (11) 


Similarly one obtains the following relation 


The electric moment the system is, from the definition the coordi- 
nates 


(18) 


The matrix element the electric moment between the vibrational states 
the normal electronic state is, the first order, 


mu 

mu 20, w — Emu 


The matrix element (0, for the unperturbed system obviously zero 
since the electronic part the unperturbed symmetric with respect the 
midpoint the internuclear line. Hence, substituting (16) and (17) into (19), 
and noting that 


Ess = = — Eo, + E 0,0 uy 


obtain, again using the matrix product rule similar (14), 


= 


296 CANADIAN JOURNAL OF FHYSICS. VOL. 30 


— Vow-k 


The prime the first sum indicates the exclusion the state m,u that 
the second sum, the state m,u 0,w. first including these terms the 
respective sums and then subtracting them again, the first two sums reduce 


since (0, 


| | | 
m,u 40,0 44m.u 


mu 

Since these sums different from i.e., the summations are 
taken over all excited electronic states, and since the energy difference between 
different electronic states general large compared with that between vi- 
brational states, can approximate the first denominator 
does not contain the electronic coordinates and since the electronic wave 
functions different electronic states for any fixed are orthogonal, the matrix 
elements (0, will vanish unless also the normal 
electronic state Hence obtain finally 


where have introduced the quantity whose matrix elements are given 


9 (0 | (0, w 


(21 ) miu Eve — En. u 
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and 


Equation (20) can put, using (16), the following form 


The quantity given (21) seen closely related the polarizability 
the molecule. 

shall now apply (20) (22) the fundamental and harmonic bands 
the molecule. see that assume the vibrational motion har- 
monic, all matrix elements (0, s), (0, vanish except forv 
and respectively. this case, only the fundamental will observed. 
order account for the appearance the harmonics, necessary work 
with anharmonic oscillator, say, the Morse type, our initial approxi- 
mation (9). shall now use the simplified notation 


(23) 
Then 


= 
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Now for the Morse oscillator, the matrix elements they stand cannot 
evaluated easily. One can use, however, the relation (16), and for oscillator 


where 


0 


For Morse oscillator, these integrals can analytically evaluated closed 
form, namely,* 


(26) 0.026 for HD, 


being the vibrational frequency and dissociation energy respectively, both 

A 


(27) 


R(v; being equal R(w; course, and 


putting the empirical value for (27), one obtains 


Integrals the type (25) are given Wu, Vibrational spectra and structure 
polyatomic molecules. Edward Bros., Ann Arbor, Mich. 1946. pp. 73-74. The general formula (25) 
given Rosenthal, Jenny Proc. Natl. Acad. N.Y. 21: 281. 1935; and Infeld, and 
Hull, Revs. Modern Phys. 23: 21. 
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For the matrix elements a(v; w), not have any theoretical knowledge 
except that, good approximation, the polarizability the molecule about 
the same for different vibrational states the same electronic state, i.e., 


(30) 
Furthermore, very plausible assume that the matrix elements 1), 


a(2; 3), etc. come from the term proportional the normal coordinate 
the expansion and hence 


Also, from the empirical fact that the intensity the Rayleigh scattering very 
much greater than that the Raman scattering, shall take 


the basis (30), (31), (32), and with the values (29), obtain for the 
matrix elements the electric moment for the fundamental and the harmonics 


the following expressions 


where => Av = - 3M, 
and 


means (29), one can calculate the ratios the intensities the various 


transitions which are given 


9 


terms the ratio parameter. The result shown Fig. From Fig. 
seen that the ratio the intensities the third and the second harmonic 
does not depend very much about 0.27,in agreement 


with the approximate value observed. 


For the other harmonics, the intensity ratios depend the matrix ele- 
ments are not known, may perhaps make estimate the ratio from 
the observed intensities the Raman and the Rayleigh scattering, which may 
taken approximately proportional the square Reference Bhaga- 
vantam’s summary these scattering data seems indicate value the 


| 
¢ 
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Fic. Ratio intensities vibrational bands function the ratio 
a(1,0)/a(0,0) the molecule. 


neighborhood 0.065 for for (1). This would predict intensity ratio 
about 0.55 for the first harmonic and the fundamental. 

interest note that while close examination (22), (29), and (33) 
shows that the matrix elements the electric moment and hence the relative 
intensities the various transitions depend very much the anharmonicity 
the motion, the dependence the number quite differ- 
ent from that obtained the consideration pure anharmonicity effect alone. 
Thus consider the limiting case for simplicity. Equations (22) (24) 
show that, the result the factor the ratio the square the matrix 
elements for the various transitions given 


the other hand, one assumes that the the harmonics are simply 
given the anharmonicity the motion, then the ratio for the 
would have been given simply the squares the seen that the 
theory predicts much larger intensity, factor for the harmonic band 
relative the fundamental than that indicated the simple effect an- 


0.9 
0.3 
° 0.05 0.1 0.15 0.2 0.25 0.3 
* 
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harmonicity. For the first harmonic relative the fundamental, this factor 
16, while for the band relative the fundamental, 256. This factor 
further enhanced the term depending (33), shown Fig. The 
case the observed intensities the 4-0 and 3-0 bands fact not particularly 
suitable for the verification demonstration the theory because this extra 
factor arising from only about and because intensity measurements 
different infrared photographic plates are difficult. The case the fundamental 
and the first harmonic, however, much more suitable for these reasons. 
also suggested accurate measurement the relative intensities the 
fundamental and the first harmonic will very interesting means for the 
determination the ratio a(0; 1)/a(0; 0). 
the case the molecular ion the electric moment the system 


Now the matrix elements between different vibrational states the normal 
electronic state not vanish even for the unperturbed anharmonic oscillator 
(10), although account the factor (18A), the matrix elements 
the electric moment still vanish when The contribution the matrix 
from the term zero for the symmetrical oscillator and for the 
unsymmetrical given expression similar (22). For the part 
one obtains, with given (26), 


0.96Ae, 


0.109Ae, 


0.0205Ae, 


0.0051Ae. 


Comparison with (33) shows that for greater than for 
ation discussed under Equation (8). Hence one can neglect the contribution from 
the term Asa result, distinction from the case HD, the intensities 
the harmonic bands decrease more rapidly with the order the 
harmonic. 

The writer grateful Dr. Herzberg for calling his attention this 
problem and for helpful discussions. 
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THE NEAR ULTRAVIOLET BANDS N,* AND THE 
DISSOCIATION ENERGIES THE N,* AND 


DouGLas 


ABSTRACT 
The ultraviolet emission bands have been photographed using six 
meter grating, and number new bands high vibrational number 


have been found. has been possible show that the state dissociates 
limit 70,358 above the ground state. shown that these results 
give strong support the value 9.75 electron volts for the dissociation energy 
nitrogen, but the lower value 7.37 electron volts cannot eliminated 


with certainty. The peculiar manner which the state converges its 
dissociation limit interpreted being caused interaction between the 


and the states. 
INTRODUCTION 


The dissociation energy the ionized nitrogen molecule can related 
that the neutral molecule through the well established ionization potentials 
the nitrogen atom and molecule. known that the dissociation energy 
nitrogen either 78,717 59,490 (6). Each these values has 
recently received support (7, The corresponding values for are 


70,358 and 51,131 The present investigation the 


bands was undertaken the hope determining which these values 
the correct one. has not been possible decide with certainty between 
the two values, but has been demonstrated that the higher value the 
dissociation energy allows simpler interpretation the observed spectrum. 

The energy level diagram the molecule shown Fig. Transitions 
from the state the state give rise the well known near ultra- 
violet bands which have been studied number investigators. 
Herzberg (8) has given the most complete vibrational analysis the system, 
Childs (2), Coster and Brons (3), Crawford and Tsai (4), and Parker (11) 
have each analyzed the rotational fine structure number bands. has 
been realized many investigators that the vibrational levels the 
state converge quite rapidly and that short extension the band system 
should allow one determine dissociation limit. The fact that the con- 
vergence the levels far from linear has made impossible extrapolate 
them far beyond the observed levels. therefore have reinvestigated the 
band system order extend our knowledge the vibrational levels the 
state higher vibrational quantum numbers. 


EXPERIMENTAL 
The near ultraviolet bands fall the same spectral region the 
very strong second positive bands nitrogen. The chief experimental problem 
is, therefore, one obtaining source the bands which relatively free 
received March 10, 1952. 
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DISSOCIATION LIMITS 
(1) (2) 


Fic. Energy level diagram the molecule. 
heavy horizontal lines indicate the positions the electronic states. The 
short lines indicate the positions the observed vibrational levels, and the dotted lines indi- 


cate the positions vibrational levels that have not been observed. The position the 
state not definitely known. Vibrational levels the state above those shown here 
have been observed. 


from bands have found that discharge through helium, containing 
trace nitrogen, hollow cathode discharge tube gives favorable results. 
Though this source not intense others that might have been used, the 
fact that gave the bands the second positive system only very weakly 
has been important factor allowing find bands which are usually 
overlapped the much stronger bands 


{ 
50,000 
| 2 
qg 
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The bands were photographed the second and third order ft. 
concave grating spectrograph. The grating, which has 15,000 lines per inch 
and ruled surface in. in., was ruled the Bausch and Lomb 
Company. The excellent light gathering power this grating due its large 
size and efficient blazing was major factor making this work possible. 


ANALYSIS THE BANDS 
Fourteen bands not previously recorded have been found and their rotational 
fine structures analyzed. Most the new bands with less are readily 
recognized the plates since they have well developed heads. Bands resulting 
from the higher vibrational levels the state are similar the 29-20 band 


TABLE 


0 |31001.96* | 
45.51 05.12 
73.59 25.57 
75.08 20.59 94.70 
76.29 15.45 89.05 
77.22 10.04 83.07 
78.01 04.42 
| 78.48 98.56 
13 63.26 82.82 49.89 
92.48 
86.13 | 
55.63 63.42 31.70 
79.57 
65.67 
18 | 20.99 899.51 30.86 11.14 
| 20.38 99.04 58. 33 40.53 30.645) 
19 | 19.61 91.69 51.461) 34.75 18.97 06.21 
34.49 18.71 
43.23 28.30 
93.51 
80.18 
52.02 
| 


Lines marked are uncertain because overlapping weakness. 


WAVE NUMBERS THE LINES THE VIOLET BANDS 
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TABLE (Concluded) 


RO | 


22-17 
= 26607.0 
26609 . 34 
11.17% 


11.85* 26599.94 
11.85* 95.24 
11.17* 89.81 


| 


= 


14-12 14-16 15-13 
R(K) P(K) R(K) P(RK) R(K) P(K) 
20595.67 20580.81 
77.15 
5.11 02.38 66.99 
04.12 61.51 
05.74 55.66 
07.16 
81.91 08.41 51.69 42.63 
75.17 46.71 35.56 
10.14 41.52 27.99 
60.56 10.71 36.19 20.13 
19.96 
11.12 30.53 11.61 
44.74 24.82 |26786.62 02.88 
02.66 
82.61* 93.33 
26.70 12.66 83.89 
83.57 
06.16 
499.54 
07.30 
26-19 27-19 27-20 


09.72 83.60 
76.60 
68.88 
00.70 60.38 
51.20 
90.85 41.09 
84.87 30.44 
84.68 30.21 
77.99 
7.74 18.68 
70.16* 
61.68 93.19 
52.69 
52.44 79.29 
42.71 
42.42 
20.25 
20.04 
94.41 
81.00 
80.31 
29-21 


R(K) P(K) R(K) P(K) R(K) P(K) 
26422.18 25371.74 
23.76 26413.03 27084.53 72.74 62.7 
23.15* 08.28 83.40 71.74 57.77 
81.86 69.74 52.07 
31.87 86.04 17.89 69.24 
09.51 
96.8 
77.98 05.99 53.03 
02.755 52.83 63.08 87.19 
36.15 56.25 
2.2 3.35 
59.81} 74.99 
59.49 
38.1 54.74) 
37.8 
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P(K) 
33.20 
27.39 
63.12 
61.84 
57.75 798 
51.79 
32.77 
20.64 
29-20 
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shown Fig. For these bands the head weak since the head and the origin 
are close together. addition, bands with high values are overlapped 
the strong sequences arising from the low vibrational levels. therefore 
appears probable that there are additional bands high quantum number 
our plates which have not yet been recognized. The bands which have already 
been found are, however, sufficient determine within few the 
positions all the vibrational levels both the upper and lower states 
the highest level observed. The wave numbers the band origins and the 
lines the bands are given Table The doublet splitting the 
these bands highly variable quantity since caused interaction 
between the and states. most cases not possible determine the 
correct numbering the lines the doublets and attempt has been 
made Table the determination the values the average wave 
numbers the doublets were used. 

The analysis the bands presents difficulties. The numbering the 
lines can determined inspection and the values determined the 
usual way from the values. The vibrational numbering the bands 
likewise presented great difficulty. one extrapolates the curve 
plotted against higher vibrational levels one can obtain sufficiently accurate 
values determine the vibrational numbering new bands for which 
the values have been determined. Also one may extrapolate the curves 
plotted against and predict the positions new bands, and thereby 
obtain the vibrational numbering observed bands. These two methods 
determining vibrational numbering were sufficient give the numbering 
uniquely even over the gap five missing vibrational levels between 
and 22. 

Deslandres table band origins used this work given Table II. 
From these band origins has been found that the vibrational levels the 
lower state can represented 


Though the position considerable number the vibrational levels the 
ground state cannot determined directly, there appear sudden 
discontinuities their spacings and the above equation can safely used 
determine the positions missing levels. The vibrational levels the upper 
state cannot represented any simple equation. The values for 
the state are given Table II. this table the values that 
cannot measured directly are supplied values that make the curve 
plotted against give smooth curve. 

the equation 


Above the observed values are somewhat lower than those calculated 
from the equation. The measured values are given Table The 
values the upper state follow such simple equation, but those that have 
been measured are given Table 


. 
| 
| 
| 
vt 
™ 


| 

| 

| 


> | | | | | 
| | | | 
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TABLE III 


ROTATIONAL CONSTANTS AND VIBRATIONAL QUANTA DETERMINED 
FROM THE VIOLET N:*+ BANDS 


state state 

v B | AG, +4 B | 
1.922 2174.8 2.073 2371.5 
1.902 2142.2 2.049 2318.8 
1.861 2076.4 2.002 2196.4 
2043.0 1.968 2122.8 
1.826 1.926 2041.0 
1.808 1975.7 1.896 1951.1 
1.781 1939.9 1.852 1838.2 
1907.0 1.810 1726.9 
1.740 1872. 1596.7 
1.724 1836.8 1.710 1479.9 
1.703 1801.1 1.653 1371.4 
1764.8 1.595 1276.3 
1691.1 1.494 1126.6 
1.593 1615.4 1.404 1015.5 
1.572 1576.8 966 
1537.3 922 
1.522 1497.7 882 
1.500 1458.2 845 
1.475 810 
188 775 
744 
717.7 
690.3 
1.063 661.8 
1.036 637.6 
607.4 


DISCUSSION RESULTS 


Fig. shows the values plotted against for both the and 
the state. each case the dotted portion the curve corresponds 
the part the curve that extrapolated beyond the observed values the 
dissociation limit. one assumes that the potential curves the molecule 
have maxima then the areas under curve correspond the 
energy necessary dissociate molecule particular electronic state into 
two atoms each the electronic state that results from the dissociation under 
consideration. The problem the determination the heat dissociation 
the molecule therefore resolves itself into matter making accurate 
estimate the area under the curve and the determination the electronic 
state the atoms that result from the dissociation. 


The vibrational levels the ground state can observed 21, 
this level being 38,411 above The extrapolation the 
curve for this state quite long one and therefore not very accurate. the 
equation for the vibrational levels, given above, used make the extra- 
polation then the dissociation energy found about 60,000 


| 
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discussed previously the dissociation energy known either 
70,358 51,131 would require only small change the 
curvature the curve bring the above result 70,358 but 
would require sudden change the curvature obtain area 51,131 


Fic. curves for the and for the states 


The known points are indicated circles and joined solid lines. Even though 
some the vibrational levels have not been observed (see Fig. 1), none these points should 
error more than few The broken portions the curves are obtained extra- 

polation. The curve the state extrapolated that the dissociation limit the 

state 70,358 The curve for the state extrapolated two ways, the first 
corresponding dissociation energy 51,131 and the second corresponding 
dissociation energy 70,358 


The vibrational levels the upper state can observed and 
relatively short extrapolation gives 47,000 for the dissociation energy 
this state. Since the vibrational levels not converge regular way, the 
method used extrapolate the curve certain extent arbitrary, but the 
value given above should correct within few thousand Since the 
state 25,566 above the ground state, this convergence limit appears 
72,500 above the ground state. known that there dissocia- 
tion limit 70,358 above the ground state (see Fig. and there seems 
little doubt but that the state does dissociate into this limit. 


The Wigner and Witmer correlation rules show that nitrogen atom the 
state and nitrogen ion the state give rise and state 
the molecule. one assumes that these two states are identical with 


the observed and states, then, from the fact that the state 


2000 

Te. 

° 

The 
\ 
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does have limit 70,358 above the ground state, follows once that 
quite possible make the curve for the ground state lead this value 
for the dissociation energy. Therefore this value for the dissociation energy 
consistent with all the observed data and leads difficulties the interpre- 
tation the spectrum 

If, the other hand, one assumes that the heat dissociation 
51,131 then follows that the state must dissociate into nitrogen 
atom the state and nitrogen ion the state. Below this dissociation 
limit there exists one which the nitrogen atom state and the ion 
the state, and second limit which both the atom and the ion are 
their ground states (4S The first these limits (4S 'D) does not give 
any states and therefore not important this discussion. The second 


limit, does give and state. Assuming then that the 
dissociation energy 51,131 follows that the potential 


energy curve arising from normal atoms must cross the observed curve. 


almost certain that such intersection would have take place below 
the observed level the state since highly improbable that 
the state arising from normal atoms could sufficiently repulsive rise above 
this level. One may assume that the interaction between the two states small 
and the state arising from normal atoms crosses and possibly predissociates 
the state some point between and where none the 
vibrational levels have been observed. The vibrational levels and above 
must then considered being sufficiently far above the point predissocia- 
tion that they are not appreciably affected it. The state can 
correlated with the atomic states two ways. First one may assume that the 
dissociation limit the state the same for the state, that the 
One must then assume that the state arising from normal atoms interacts 
with the observed state only energies higher than any the observed 
levels. Alternatively one may assume that the state dissociates into 
normal atoms and the state goes into atoms the states. This 
corresponds extrapolating the curve (Fig. for the ground state 
that the area under the curve 51,131 which, was discussed earlier, 
possible but leads sudden change the curvature the curve. 

also possible obtain some information regarding the dissociation 
energy from the state the molecule. The state was first found 
from study the perturbations the state (1). More recently bands due 
transitions from the low vibrational levels the state the ground 
state have been observed (10, 5). gratifying find that the value 
the positions the vibrational levels predicted from the perturbations 
agree well with those that can found extrapolation the observed 
levels and can shown that the level the state that per- 
turbs the level the state. 
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The vibrational levels the state have been traced 
Brons (1). These vibrational levels not converge dissociation limit 
51,131 but may converge limit 70,358 Unfortunately the 
large energy gaps between observed perturbations together with the fact that 
one cannot determine exactly the positions the vibrational levels that cause 
the perturbation make possible that the vibrational numbering given 
Brons incorrect and therefore one cannot certain about the dissociation 
limit the state. 

interest consider whether one can determine the reason for the 


unusual shape the curve the state. one considers that the 


80,000 


(10°CM.) 


Fic. curves illustrate the interaction between the and the states 
of 
The dotted lines indicate the positions the potential curves would have there 
were interaction between the two states. The solid curves indicate the actual positions 
the potential curves. These curves are schematic only. 
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unusual shape the curve due unusual shape the potential 
curve this state rather natural assume that the cause lies inter- 
action between two states. The interaction must strong one and therefore 
cannot related the intersection the curve one from lower 
dissociation limit since, discussed previously, such intersection does 
occur, must occur with weak interaction between the two states. does 
however seem possible that the unusual behavior caused interaction 
between the state and the state. The minimum the state 
larger internuclear distance than that the state and the interaction 
such cause apparent repulsion the potential curves the result 
will distortion the lower potential curve. This effect shown schemati- 
cally Fig. which the dotted lines represent the unperturbed potential 
curves and the solid lines the perturbed curves. can seen from the curves 
that the effect the perturbation such cause the state flatten 
out the middle its energy range and hence cause the values 
decrease rapidly this region. The displacement the state may not 
have any marked effect the low values that state, but does effect- 
ively move the minimum smaller internuclear distance. Thus the values 
the first few vibrational levels the state should anomalously large. 
Such effect has indeed been observed Setlow (12), thus tending confirm 
this interpretation the anomalous curve the state. 

has been noted Watson and Koontz that the level the 
state appears have anomalously high population when observed 
discharge through helium containing little nitrogen. They attribute this 
the fact that the energy the level the state almost equal the 
ionization potential helium. This effect may also interpreted different 
manner. The level just 280 above the asymptote the 
state. then possible that nitrogen ion and nitrogen atom coming 
together this dissociation limit may undergo radiationless transition into 
which contains large number nitrogen ions and atoms then this process 
inverse predissociation might expect the level highly popu- 
lated. the other hand are dealing with source which the 
state excited from the ground state electron collision and there are only 
very few ions and atoms present then should expect the state pre- 
dissociated the level. This state has not been investigated sufficiently 
well know whether such predissociation actually exists. 


CONCLUSION 


The value the heat dissociation and hence cannot 
definitely determined from the known spectrum. There doubt however 
that the observed spectrum can interpreted much more simply one 
assumes the higher value (70,358 for the dissociation energy 
extrapolation the observed levels the ground state, the observed levels 
the state, and the perturbation the state each independently 
points the higher value. perhaps interesting note that the problem 
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faced here one common most discussions the determination dissocia- 
tion energies from spectroscopic data. Though certain that molecular states 
the same symmetry cannot cross the sense that for certain internuclear 
distance true degeneracy exists, nevertheless possible conceive 
interaction sufficiently small that, from the point view the observed 
spectra, can say that two states the same symmetry cross. Once one 
assumes that such apparent crossings take place there seldom any certain 
way correlating observed molecular states with the molecular states known 
arise from given pairs atoms and with few exceptions molecular spectra 
can give, with certainty, only upper limit the dissociation energy. 

review the spectroscopic data for nitrogen and related molecules shows 
that much can interpreted equally well assuming either 78,717 
59,490 for the dissociation energy There are however certain facts 
that require the introduction unusual assumptions order consistent 
with given value the dissociation energy. Thus, prior this work, one 
assumed the higher value for the dissociation energy one was forced arbitrarily 
assume that the potential curve the state did have anomalous 
shape that allowed dissociate 70,358 Now has been shown that 
such anomalous curve does indeed exist. pointed out previous 
publication (6) the assumption the higher value the dissociation energy 
requires that the state resulting from normal atoms stable and 
that this predissociate the state. was indicated that publication 
and later emphasized Prof. Mulliken private discussions, there 
sound theoretical reason why these conditions cannot fulfilled. There- 
fore believe that there now exist spectroscopic data that cannot 
interpreted simply one assumes 9.756 ev. for the dissociation energy No. 
the other hand, the assumption the lower value for the dissociation 
energy requires the assumption anomalous shapes for the potential curves 
and anomalous interactions between potential curves not only for but 
also for and Ne. Thus appears that spectroscopic evidence favors the 
value 9.756 ev. for the dissociation energy No. 
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RADIAL MATRIX ELEMENT FOR THE QUADRUPOLE TRANSITION 
WITH THE MORSE 


BUCKMASTER 


ABSTRACT 
general formula for the radial part the matrix element for the quadrupole 
transition with the Morse potential derived using standard methods analysis. 
The same methods can also used derive expression for the radial part 
the dipole transition matrix element. 


INTRODUCTION 
The Morse potential (6), 


has been successfully used for the interpretation the spectra diatomic 
molecules when the effect rotation neglected (2). The radial part the 
matrix element for the dipole transition with the Morse potential has been 
and These special cases agree with the general formula given Infeld and 
Hull (3). The same general result may obtained the method the present 
paper. can expressed the form 


(2) 


QUADRUPOLE MATRIX ELEMENTS 
calculate the radial part the matrix element for the quadrupole transition 
must evaluate the integral 


0 


order obtain closed expression for with the Morse potential, must 
change the limits integration from (0, ter Haar (1) has 
shown that this change is, general, justifiable. For the Morse potential, the 
eigenfunctions are given Ref. (6) 
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n b 


(5) 


Substituting the eigenfunctions Equation (4) into Equation (3), making the 
change variable 
e) 


and simplifying yields 


0 
and given Equation (2). 
Using Relations (5) and (6), becomes 


m b 
0 


Integrating parts times gives 


m—I+1 


constant, 


i=] 


The values are tabulated Jahnke and Emde (4). When positive 


integer 


n 
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— 


CANADIAN JOURNAL OF PHYSICS. VOL. 30 


316 


Equations (8), (9), (10), and (11), Equation (7) becomes 


which the desired result. 
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DESIGN AND OPERATION ‘MEAN DEVIATION 


ABSTRACT 


instrument was constructed and calibrated measure the mean deviation 
the counting rate from series pulses that are not uniformly spaced. Two 
‘memory’ circuits measure the instantaneous and the 
average counting rates. rectifier bridge circuit used compute the relative 
deviation. Over large part the range the response linear and reproducible 
within for full scale deflection. The instrument used conjunction with 
the counting radioactive radiations; other uses are discussed. 


INTRODUCTION 

Purpose 
electronic instrument described, which measures the 
properties series pulses arriving irregular intervals. typical example 
would the distribution spacings between consecutive nuclear disinte- 
grations. Since particles from radioactive source are emitted independently 
random intervals, successive counts should follow Poisson distribution 
(2, detected and recorded ideal counting mechanism. Any deviation 


from the theoretical distribution will yield information processes that 
interfere with, modify, the original distribution pulses. 


Standard Deviation 

For given counting rate, marked changes the standard deviation may 
observed and are attributed defects the counting mechanism (1, 
such as: 

(a) ‘Dead time’, denoting the interval following each pulse during which 
additional pulse accepted. 


(b) Pick stray pulses, frequently caused insufficient shielding from 
60-cycle line frequency. 


(c) Intermittent counting due fluctuating voltage the anode 
Geiger counter. 

(d) Two more pulses recorded for one pulse entering the counter. 

The instrument described may used detect these defects. 
Statistical Reliability 


The statistical reliability counts from radioactive source usually 
determined the ‘Chi Square’ test (5), which requires large number 
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readings and lengthy calculations. Moreover, when the Chi Square test 
used the reliability not known until long after the readings have been taken. 
subsequently the results are shown erroneous, valuable time may 
lost and some cases may not possible repeat the measurements. 
Also, obtain satisfactory estimate the reliability requires much longer 
series readings than obtain only estimate the counting rate. Conse- 
quently, there tendency among workers disregard this step completely 
use short series measurements which may give standard deviation 
within the range expected random sampling, but which may found 
significantly different, longer series readings taken. 

The instrument described this paper makes possible detect 
deviations from the expected distribution glance and while observations 
are being taken. 


Counting Rate 


The number pulses occurring during time interval divided this 
interval the counting rate and particular: 
the average counting rate, the time interval much larger than the 
mean spacing between pulses. 
the instantaneous counting rate, the time interval the same order 
magnitude the pulse spacing. 
Information the statistical distribution pulse spacings obtained 


comparison and Either the mean deviation the standard 
deviation can used estimate the reliability data. 


OPERATION 
Average Counting Rate 


obtain the average counting rate counting rate meter was used that 
consisted essentially circuit designed Kip a/. (6). Pulses almost 
any voltage shape and varying magnitude were suitably amplified actuate 
uniform pulse generator. The uniform pulses were fed into 
acitance circuit, which times referred tank’’. Schiff and 
Evans (9) made statistical analysis this integrating circuit and showed 
that the instrument averaging mechanism with ‘‘exponential decaying 
The average time interval over which each pulse 
equal RC. The average number pulses stored therefore MRC; 
hence the larger this number the more pronounced will the averaging 
smoothing action the tank. 


Instantaneous Counting Rate 


obtain the deviation from the mean, two the above mentioned memory 
circuits are required. One circuit measures the average counting rate the 
other circuit measures the instantaneous counting rate, using different 


} 
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GREENBERG AND MEAN DEVIATION METER 


INTEGRATING CIRCUITS 


PULSE 
COUNTING 


RATE METER 


SHAPER 

INTEGRATING 

VOLTMETER 


INPUT 


AMPLIFIER 


PULSE 


SHAPER 


diagram the Mean Deviation Meter, showing voltage variations 
different parts the circuit. 


‘memory’ time constants. Fig. shows how the voltage may vary each 
circuit. The shaded area between the two curves gives the deviation the 
actual counting rate from the mean. 


Mean Deviation 


Both integrating circuits are designed produce the same average voltage 
that the instantaneous voltage difference gives reading The 
mean the absolute value this voltage difference obtained using 
full wave rectifier followed smoothing circuit. The values 
and are then read from suitably calibrated voltmeter from recording 


potentiometer. 


Standard Deviation 


using high resistance RMS a-c. voltmeter, such hot wire instru- 
ment, could obtained. When averaged this would give direct 
indication the standard deviation for any frequency distribution. Because 
the difficulty obtaining the long time constants desired and also because 
the recording potentiometer available could only used with d-c. voltage, 
was found more convenient use the mean deviation. 
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STATISTICAL CONSIDERATION 
Mean Deviation 
The instrument designed obtain voltage proportional the mean 
deviation (6) the counting rate. 


Since standard deviation more generally used, the instrument was 
brated read the standard deviation the counting rate. 


The use place rigorously justified (4) for normal distribution 


for which 
0.798. 


For the Poisson distribution 


MRC. 
where the number pulses stored the condenser; this relation 


satisfy this condition. 


Standard Deviation 


The standard deviation the counting rate measured over time 


The value dependent only the instrument, since the interval 
over which the meter effectively averages the counting rate. 


the other hand the meter calibrated counting the number pulses 
fixed time interval which not equal Then the standard devia- 
tion the observed number pulses 


Eliminating this yields 
Gel. = B . 

Now can calculated because and are known. Since independent 
the time interval used the calibration, used correlate the de- 
flection the meter with the calculated standard deviation the counting 
rate. For calibration purposes generality lost, assumed 
equal unity. 


detailed analysis statistical problems associated with this instrument 
given companion paper (4). 


1 
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CHOICE CIRCUIT ELEMENTS 


The circuit diagram for the instrument given Fig. the components 
are listed Table 


Fic. Circuit diagram the Mean Deviation Meter. 


TABLE 


List COMPONENTS 
Resistances ohms. Capacities microfarads. 


V3, 6AC7—1852 R22: 25,000 watt 
V5: 6C8 R25: 15,000 watt 
R1, 0.5 meg. watt R26: 75,000 

R2, 3500 watt 

R3, watt 0-5 ma. 


M2: 0-100 ma. 
R4: 100,000 watt 


R10, 14, 17, 21, 23, 24: 5000 pot. C3: 2.0 
0.0188 mica 
15,000 pot. 2000 50v. 
R12: 500 pot. Mallory 161, 511. 
R13: 12,000 watt C6: 0.1 


R15: pot. 
R16, 18: 2000 watt 
R19: watts variable plus 500 pot. 


Circuit elements for the standard deviation circuit were chosen fulfill 
the following requirements: 


| 
PULSE vs 
INPUT — 
-— 
! P d 
R26 
Rll 
| 
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(a) The average voltage both integrating tank circuits should the 


(b) The voltage difference between the two circuits should 
large possible provided the instantaneous rate does not exceed the average 
rate amount which would put nonlinear region the vacuum 
tube voltmeter. 


(c) The counting rate indicated M-1 should not disturbed reading 
the standard deviation because usually the most important quantity. 


These conditions were met follows: 

(a) The average voltage the tank condenser given MqR 
where the charge per pulse and the average current. the charge 
per pulse and the leakage resistance the two circuits were made the 
same, the average voltage would then the same. Therefore, R-5 was made 
equal R-9. The charge was made the same feeding the pulse from the 
multivibrator two amplifiers, one for each section. The relative sizes the 
pulses were controlled adjustment the relative screen grid voltages. 

The average voltage difference between the two circuits can com- 
puted from the difference standard deviations. For random counts the 
standard deviation voltage has been shown (9) be: 

» 2 v’ 
and will the same the two circuits, and the subscripts and 
refer the circuits for and respectively, the voltage difference will be: 


Now varies and therefore permissible and desirable make 
V?. Then 


The instrument here was designed for full scale deflection 5000 counts 
per minute and for full scale deflection was measured 12.5 volts. 
Other ranges could added switching appropriate values 

(c) The voltages the cathodes the tubes V-3 and V-4, Fig. can 
used measure and voltmeter connected these points would draw 
noticeable current through and therefore disturb the counting rate 
reading. This was prevented using vacuum tube voltmeter drawing 
current. The two voltages were fed the grids the double triode V-5. 


| 
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These voltages were varying from 105 about volts. The cathode bias 
resistors were chosen make the grids about volt negative with current 
R-17. The voltages the cathodes then indicated and 

The difference cathode voltage was indicated The absolute value 
the difference was obtained the use copper oxide rectifier. The 
condenser C-5 across the voltmeter was chosen give time constant 
approximately sec. The voltage difference was often about 1.5 volts. 
meter with full scale deflection 100 would require 
15,000 ohms. Then give time constant about sec., had 
2000 This ordinarily prohibitively large capacity, but the voltage 
low and such large capacities are available for low voltage. 

CALIBRATION STANDARD DEVIATION METER 
Zero Setting for ‘No Pulse’ Input 

The rate meter, Fig. was first adjusted zero means R-12. 
The voltage the left grid V-5 was then 105 volts. R-20 was chosen 
make the cathode relatively negative about volt this adjustment. 
R-19 was then adjusted give equal potential the other grid V-5. 
This was obtained when there was current R-17 and hence adjustment 
R-17 produced change the grid and hence change the reading 
indicated M-2. adjusting R-23, the cathode potentials V-5 were 
then made equal, thus reducing the current M-2 zero. 


regular series pulses, controlled the cycle circuit, was fed into 
the meter and the meter was allowed come equilibrium. The sizes 
the pulses fed the tank circuits were made equal adjusting R-10 
until minimum was obtained with indicating the correct counting 
rate. The scale deflection for the counting rate was adjusted varying the 
grid voltage with R-11. Finally minimum was obtained M-2 adjust- 
ment R-21. true zero could not obtained because the nature the 


meter. 


VOLTAGE 


TIME 


Fic. reading the Mean Deviation Meter for regular pulses. 


4 
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Fig. shows exaggerated plot the voltages the tank condensers 
the circuits with the two time constants and regularly spaced pulse input. 
The shaded area gives the average the absolute value the voltage dif- 
ference. 

The accuracy the standard deviation meter limited this type 
zero reading, which expected function the counting rate. This zero 
correction appreciable only for small meter deflections for which would 
then significant fraction the indicated reading. Except for regular 
counts small scale deflection can avoided using suitable range. The 
meter could built with several ranges following the design Kip (6) 
and using Equation (1) calculate the value the tank condenser for the 
instantaneous reading the rate. 


Standard Deviation Scale Calibration 

externally quenched RCL Model Geiger tube was used detect 
radiations from radium sample. Pulses were then fed simultaneously into 
two channels: 

(i) scaler (Atomic Inst. Co. Model 101A) followed mechanical 
register. 

(ii) The mean deviation meter followed recording potentiometer. 
calibration was obtained comparing the readings with the standard 
deviation obtained from the number pulses registered the scaler 
given constant time interval. connecting recording potentiometer 
jacks J-1 and J-2 (Fig. continuous record the counting rate and its 
standard deviation was obtained. typical trace shown Fig. Actually 


5000 
COUNTING 
MULTIPLE COUNTS 
4000 
3000 
wW w 
2000 
< 
1000 


TIME MINUTES 


Fic. from recorder alternately showing counting rate and standard deviation. 
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only one recorder was available and connected read the rate and standard 
deviation alternately. For calibration the pulses from the counter tube were 
fed the same time into scaling circuit which was adapted for counting 
pulses during series time intervals each sec. long with accuracy 
0.1%. 


The calibration curve correlating the deflection the standard deviation 
meter and the calculated standard deviation given Fig. The standard 


Divisions 


M-2 


° 10 20 30 40 50 60 70 


Fic. Calibration curve for the Mean Deviation Meter. 


used obtain 8); this standard error shown the same graph. obtain 
each point with standard error would have been very laborious; 
compromise approximately 100 readings per point were taken, which gave 
standard error approximately 7%. 


The reproducibility the readings was excellent. Some drift the recorded 
readings, however, was observed. was necessary when this was noticed 
trace check cycles. The cause the drift was located the pulse 
splitting elements. Adjustment R-10 give minimum M-2 gave the 
correct counting rate again and the original standard deviation reading. 


For this reason suggested that any further instruments this type 
made with two pulse shaping circuits. 


j 
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DISCUSSION 


Multiple Counts 

Measurements were made using multiple pulses obtained adjusting the 
shaping circuit until the multivibrator was slightly unstable and would give 
two more pulses for each one entering it. Fig. shows trace for which two 
counting rates from the same input show the same standard deviation but 
different rates because multiple counting. 

From min. the sample showed rate 900 counts per minute. 
The standard deviation this rate given from min. counts 
per minute. The circuit was then made record several pulses for each one 
entering and from min. recorded rate 4000 counts per minute 
from the same sample. The standard deviation this reading was recorded 
from min. and still counts per minute instead which 
would expected the pulses were random. 

obtain similar comparison the same accuracy computing the 
standard deviation from series samples would require about 1000 separate 
determinations the counting rate. 


Effect Dead Time 

Two types are generally considered: 

(A) Each rejected pulse extends the dead time. 

(B) The rejected pulse does not extend the dead time. 

Feller (3) showed that input rate measured over interval with 
dead time gives expected number counts and corresponding devia- 
tion 

(A) For extended dead time 


(B) For nonextended dead time 


(Mr)? 


= 


The following assumptions are almost always satisfied 


these assumptions are made one obtains: 


(A) For extended dead time 


(B) For nonextended dead time 


9 
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0.01 0.02 0.05 0.2 0.5 
times Dead Time 


Fic. dead time Geiger counter the variance the recorded rate. 


Since and can readily obtained from the instrument, Fig. may used 
extended. this not known, measurements and could used give 
indication the type dead time which may prove helpful under- 
standing the mechanisms the counter. 


Although the instrument primarily intended keep continuous check 
the counting rate routine analyses radioactive samples, could 
readily adapted for other purposes. fact, may used wherever 
statistical analysis required continuously arriving flow data, and 
where accuracy about satisfactory. Since frequently statistical 
measurements have inherent uncertainty this order magnitude, 
greater accuracy times precluded not desired. 

The instrument may prove useful the statistical analysis such problems 
as: cosmic ray bursts, continuously recorded meteorological variations such 
temperature humidity, biometrical evaluations, variations power 
requirements from hydrostations, noise variations electronics and acous- 
tics, transients power lines, and fluctuation performance characteristics. 
The scope the instrument can extended large range statistical 
problems supplying the continuous flow information from punched tape, 
magnetic tape, from Curve Computer (7). 
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STATISTICS THE MEAN DEVIATION METER' 


ABSTRACT 


The mean deviation evaluated for number distributions Poisson 
similar type, such arise with counters, scaling circuits, and particular with 
the mean deviation meter described Greenberg and Happ. The mean deviation 
for some distributions fairly readily obtainable, but for the charge single 
tank circuit and also for the charges two tanks with different 
decay constants necessary obtain the probability density. Exact ex- 
pressions for these density functions are given, and also approximations from 
which the mean deviation can calculated. 


INTRODUCTION 


the ‘‘mean deviation described Greenberg and Happ (Ref. the 
mean deviation series irregularly spaced pulses measured. These pulses 
are assumed originate random intervals and the resulting distribution 
derivable from the Poisson law. 


Although the standard deviations such distributions have been evaluated 
several authors (Refs. 9), the mean deviation has not been corresponding- 
treated, being generally less useful and mathematically much less convenient 
(Ref. 215). However, certain problems the mean deviation can simply 
obtained and the following results may useful. 


MEAN DEVIATION THE TIME BETWEEN PULSE AND THE 
mth FOLLOWING PULSE 


The density function 
fn {t) = (m 1)! 


the Poisson function, and the average counting rate. The expectation 
. . . . . . 
m/M and the standard deviation m?/M. The mean deviation 


0 


1 m 
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Stirling’s approximation, for large 


that 


This accurate even for within about 


MEAN DEVIATION THE NUMBER PULSES FIXED TIME 


The probability pulses MT). The expected value and the variance 
are both equal MT. The mean deviation 


n+1 


z=0 


where the integer equal next below MT. This reduces 


(6) 2MT p(n; MT) 
that 


For each integral value MT, this function has sharp minimum correspond- 
. / ~ . . 
ing 2n? p(n; For intermediate values rises maximum and falls 
again. 


EFFECT FINITE RESOLVING TIME THE MEAN DEVIATION 


counter with nonextended dead time each pulse accepted throws the 
counter out action for time the time interval from pulse the 
mth following pulse, the probability density function 


Tutt) = 0, 0 mT, 


The expectation 


and the standard deviation m?/M, before. The mean deviation 


(10) 


The mean deviation therefore also unaffected 
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The mean deviation the number pulses time more complicated. 
The probability exactly pulses given 


where the probability that the instant the registration equal 
instant immediately following registration pulse, 


T 
where given (8) with instead Therefore 
j=N 


where the incomplete Gamma function tabulated Karl Pearson (Ref. 8). 
For Nr, course zero. Molina’s Tables (Ref. give values 


Hence, from (11), 


where the largest integer not exceeding 
This may evaluated approximately using the Laplace transform (L.T.). 


—st M(t—r) sr 
The L.T. therefore 
1 —n' sr 
approximately, that 
E(N) =0, <r, 
(14) 


The inverse L.T. 
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negligible compared with for large values because consists terms 
like where Mr. 


Since 


n’+1 , 


1/s that 


and 

when 
Hence from (14) 


The mean deviation 


n’ 


0 


where the integer equal next below 
Therefore 


1 


n’ 
. 
1 
n n’ 
n n 
n 
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Now 
Frii(T) = 0, T < (n + 1)r 


k=n+1 


(17) 
using the Laplace transform 
n+1 
and noting that 


find that 


(18) > Fy(T) = 0, < (n 1)r, 
n=1 


Then, from (14), (16), (17), and (18) obtain finally 


For small values 


that 
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THE COUNTING RATE METER WITH REGULARLY SPACED INPUT 
suppose that pulses charge are fed into tank uniform rate 
the decay constant being coincides with the arrival pulse 


and pulses have been arriving for long time before then the total 


= é 


Schiff and Evans (Ref. have shown that this state practically reached the 
time during which pulses have been arriving least equal [log, 

follows from (21) that the mean value over the time between pulses 
(22) Q=aq, 


and that the variance 


For large values this expression approximately equal g?/12. 


0 


carrying out the integrations find that the mean deviation over the 


THE COUNTING RATE METER WITH RANDOM INPUT 
the average counting rate, the probability arrival pulse the 


interval dt. The contribution the total charge the condenser 


The expected value therefore 


0 


where the interval during which pulses have been arriving before For 
large 


oll 
wail 
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Hence 
9 9 9 9 
From (26) and (28) 


which for large practically 


practice the meter read either regular intervals continuously over 
certain period time and average value obtained. The successive readings 
are not independent, because the exponential decay. the readings are taken 
easily shown that the coefficient correlation between and The 


shown Burgess (Ref. 1). the observations are taken continuously for 
time 


P 
0 
which the limiting form (30) when and tends zero. 


find the mean deviation seems necessary know the proba- 
bility density for integral expression can obtained for this, but evalu- 
ation possible only approximation. 


methods already indicated, the moments and cumulants the distribution 
can calculated. find for these cumulants 


where MRC (often around 8). 


The characteristic function 


| 


CANADIAN JOURNAL PHYSICS. 


336 VOL. 


where L(s) the L.T. The cumulant generating function 
0 


where the and functions are the well-known and fully-tabulated (Ref. 
integral sine and integral cosine, defined 


cos 


z 
CoS u 


0 


0 


and Euler’s constant, 
well-known inversion theorem characteristic functions (Ref. 91), 
the probability density given 
1 


0 


since (f(Q) being obviously real) the integral corresponding tothe sine part 
the exponential vanishes, and the remaining part the integrand even 
function 

The integrand (34) oscillating function with decreasing amplitude 
increases. Since 


qs 
(35) 
{and 
0 


0 
For fairly large values the integrand will appreciable only for small 
values that the higher terms the series (35) can neglected. The 
first approximation, given neglecting all terms the series beyond 


0 


j 
“a 


i 
| 
i 
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which normal distribution with mean and variance ag?/2. The second ap- 
proximation, including and gives 


where 


integration this gives 


instead 


For the right-hand side (38) equal 0.99993. With this value 

The mean deviation can calculated from the approximation (37) the 
relation 


where E(Q). evaluating the integrals the result long expression 
which for large reduces 


still simpler approximation the probability density the Poisson 
function, 


easily shown that 


and the moments are readily calculated. The quantity (2a 1)! when not 

first four cumulants are and instead the true values, 
aq, and The mean deviation is, (3), 


(42) p(2a; 2a) 


which, Stirling’s approximation, gives 


agreement with (40). 


| . 
| 
| 
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For given values and the exact integral (34) can evaluated 
numerical integration. Some values calculated are shown Table for 

will seen that even for small value the approximation (37) 
reasonably good, and considerably better than (41). 


TABLE 
PROBABILITY DENSITY CHARGE 
Quadrature Approximation (37) Approximation (41) 

.232 
175 
.096 


TABLE 
MEAN DEVIATION 


250 2.52 10.1 


desirable feature the mean deviation meter high value the ratio 
for the mean deviation. This ratio given (25) and (40). 
Some values and for selected values are given Table (with g=1). 
The ratio independent 


COMPARISON DEVIATION FOR TWO TANKS WITH DIFFERENT 
DECAY CONSTANTS 
the mean deviation meter (Ref. 4), two tank circuits with different decay 
constants and receive the same system irregularly spaced pulses, 
but the heights the pulses are adjusted that the average charge the same 
for each. The meter measures the integrated absolute difference the quantities 
and 
the calibration the instrument regularly spaces pulses are used, period 


| 
| 
| 
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Using the approximation suggested and remembering that very small, 
obtain 


now consider the case random input with mean counting rate 


Var(Qz2) = /2 = 
but and are not independent since the same succession pulses registered 


0 
=> Q° 


From (47) and (48) 


2 1 1 —e 
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; 
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similar way. Thus 


neglect powers higher than the first, get 


(51) 


2a2 ay 2a 


The cumulant generating function 


K(is) 


2 ‘ das iu 
4 ay, 


similar methods those Section find 


) 


first approximation, including only and gives normal distribution 
with mean and variance The mean deviation, this ap- 
proximation, 

= q2(a2 (1 ‘2a1). 


The second approximation, including terms gives 


1 3a2 1 
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analogy with the results Section may look for solution the 
Poisson type, 


f(x) =0, 
Choosing and that 


find 
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NOTE 


Note The Sensitivity Electrical Bridge Networks* 


Although present the absolute resistance standard resistor can pre- 
sumed known accuracy much excess 0.001%, nevertheless the 
main standardizing laboratories must able compare standard resistors with 
relative precision 0.0001%, one part one million 
fact, for the special case 1-ohm standards now available, precision 
parts million desirable order assess the relative changes that may 
occur few months year. Also, order maintain scale resistance, 
comparisons with precision p.p.m. better are required order that the 
end points the scale, say 0.0001 ohms 10,000 ohms, may known with 
precision approaching 0.001% p.p.m. 

the purpose this note present analytical solution the problem 
determining scale reading when the bridges are very nearly, but not quite, 
balanced, which reading corresponds the true null position, and assessing 
the precision such determination. This treatment includes the effects inter- 
actions from subsidiary bridges used either eliminate evaluate certain 
correction terms. Previously this problem has been treated experimental 
manner, may seen from earlier publications the subject, such those 
Drysdale (1) and Smith (5), Harris (2) and Wenner (7), Jaeger (3) Stein- 
wehr (6), and Romanowski (4), representing various standardizing laboratories. 
The paper Wenner (7) contains excellent bibliography covering all phases 
the work. 

The most general form the equation relating the galvanometer current 
the bridge current 


where the resistance measured, a,b,... are the fixed resistors the 
bridge, and are the variable parameters whose values true bridge 
balance will designated The bridge balanced when the current 
through the galvanometer produces deflection the spot smaller than the 
minimum perceptible with the equipment. 

For practical reasons difficult determine precisely all variables involved 
and thus useful form other bridges leading supplementary equations 
appropriate changes connections. this means possible eliminate 
all but one the variable parameters the final equation which determines the 
value the Consider the case three bridges derived from the same 
network, the simultaneous balances which can obtained series suc- 
cessive approximations. Before the balances are obtained, the equations have the 
form 

N.R.C. No. 2760. 
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= f(1;,X, a, G, B, Y), 
(2) ly g(1,,X, a, b, G, B, 
= hh, X, a, b, G, B, 7). 


equations may solved and presented the form 


The equation used for the calculation the one which contains the best known 
parameter, say 

the bridges are not quite balanced, and the parameters have values slightly 
different from then let 


this case, equations (3) become the type 


The effect the quantities Aa, produce deflections the galvan- 
ometer, Aa, are considered very small quantities 
producing only small currents then total differentiation (2) es- 
tablishes relations the type 


(6) 


equations (6) for and introducing the value found into the first the 

equations (5) one obtains value terms and term 

containing the deflections and the bridge currents the 

smallest perceptible deflections the galvanometer are represented 

then the secondary term gives the upper limit the 
” 


Application this method the well-known Wheatstone Bridge (Fig. for 
which equation (1) becomes 


gives the standard relation 


For this case only one variable, not necessary calculate the coefficient 
the secondary term may obtained experimentally interpolation 
galvanometer deflections. 


i 
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Fic. Kelvin Double Bridge. 


For Kelvin Double Bridge (Fig. the general equations are long, but the 
equations for balanced bridge are relatively simple. the many bridges 
possible form from the basic network, for three often the balance 
equations are follows: 

(a) Main Double Bridge: variable 
Second Double Bridge: short circuit between and (thus 0); 
variable m(= 


(c) Wheatstone Bridge: connection and link open; variable a(= 


These three equations may solved for any the variables 
will assumed that the best known, and consequently the solution 


(12) 


344 
Fic. Wheatstone Bridge. 
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will considered. the bridges are not all balanced, then AA, the 
solution becomes 


lengthy relation* for the secondary term. simplified form, suitable for numeri- 


where 


(17) 


The Kelvin Double used for intercomparison precision standard re- 
sistors this laboratory essentially the same the one described 
paper (1, pp. 244-258). example this method, Table shows the sensi- 
tivity errors expected when comparing nominally equal standards the range 
from ohms 0.0001 ohms. The constants the bridge used formulae (14)- 
(17) are follows: 


ohms (60 ohms for ohm comparison). 


¥ 


Constructed Eppley Laboratories Inc., Newport, 
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The galvanometer sensitivity amp. per mm. scale distance 
galvanometer deflections one millimeter are tolerated rather than having 


1300 mm. 


The figures Table immediately show the relative importance each 
the three balances the net precision any high quality intercomparison. 
Interpolation within 0.2 mm. rather than +1.0 mm. for the first balance 
0.2/1300) will materially improve the expected precision. Also, from 
formula (14) seen that reduction the value from 0.05 ohm 0.005 ohm 
will improve the effect the third balance, particularly for the lower resistance 
comparisons, although the improvement will partially lost because the effect 
the second balance. example, for 0.0001 ohm comparisons with 
0.005 ohm, the expected sensitivity becomes 


rather than 51.4 p.p.m. Table 


The results Table are borne out experience with the bridge use, the 
value being 0.03 0.05 ohm. Similar results are obtained for the 10:1 ratio 
comparisons used obtaining the scale resistance from the basic 1-ohm 
standards. this way the measurement precision any standard resistor may 
readily determined, far the bridge sensitivity concerned. Other 
factors, course, will also affect the final accuracy measurement. 

This treatment has proved value indicating the necessary care required 
any particular high quality resistor measurement, and has permitted con- 
siderable reduction the time required for making observations showing 
those places which relatively large galvanometer deflections may tolerated 
the where extra care balancing required. The treatment 
may useful others interested obtaining the utmost precision and flexi- 
bility from similar pieces equipment. 

Electrician, 60: 20; 53. 1908. 

Harris, Electrical measurements. John Wiley and Sons, Inc., New York. 1952. 
Chap. 

JAEGER, Instrumentenk. 26: 69; 73; 360. 1906. 

Rev. gén. élec. 48: 41. 1940. 

Electrician, 57: 976, 1009. 1906; 60: 471, 566. 1908. 

Handbuch der Physik. Vol. XVI. Verlag von Julius Springer, 


Berlin. 1927. Chap. 17. 
WENNER, Research Natl. Bur. Standards, 25: 229. 1940. 


RECEIVED OcTOBER 15, 1951. 
NATIONAL RESEARCH COUNCIL, 

CANADA. 


| 
4 
| 
| 
| 


‘ 


| 


2 


CANADIAN JOURNAL PHYSICS 


Notice Contributors 


GENERAL: Manuscripts should typewritten, double spaced, and the original 
and one extra copy submitted. Style, arrangement, spelling, and abbreviations 
should conform the usage this Journal. Names all simple compounds, 
rather than their formulas, should used the text. Greek letters unusual signs 
should written plainly explained marginal notes. Superscripts and sub- 
scripts must legible and carefully placed. Manuscripts should carefully 
checked before being submitted, reduce the need for changes after the type has 
been set. authors require changes made after the type set, they will 
charged for changes that are considered excessive. All pages, whether text, 
figures, tables, should numbered. 


abstract not more than about 200 words, indicating the 
scope the work and the principal findings, required. 


ILLUSTRATIONS: 

(i) Line Drawings: All lines should sufficient thickness reproduce well. 
Drawings should carefully made with India ink white drawing paper, blue 
tracing linen, co-ordinate paper ruled blue only; any co-ordinate lines that 
are appear the reproduction should ruled black ink. Paper ruled 
green, yellow, red should not used unless desired have all the 
co-ordinate lines show. Lettering and numerals should neatly done India ink 
preferably with stencil (do not use typewriting) and such size that they 
will legible and not less than one millimeter height when reproduced cut 
three inches wide. All experimental points should carefully drawn with instru- 
ments. need not more than two three times the size the 
desired reproduction, but the ratio height width should conform with that 
the type page. The original drawings and one set small but clear photo- 
graphic copies are submitted. 

(ii) Photographs: Prints should made glossy paper, with strong contrasts; 
they should trimmed remove all extraneous that essential features 
only are shown. Photographs should submitted duplicate; they are 
reproduced groups, one set should arranged and mounted cardboard with 
rubber cement; the duplicate set should unmounted. 

(iii) General: The author’s name, title paper, and figure number should 
written the lower left hand corner (outside the illustration proper) 
the sheets which the illustrations appear. Captions should not 
written the illustrations, but typed together the end the manuscript. 
figures (including each figure the plates) should numbered consecutively from 
(arabic numerals). Each figure should referred the text. 
authors desire alter cut, they will charged for the new cut. 


TABLES: table should typed separate sheet. Titles should given 
for all tables, which should numbered Roman numerals. Column heads should 
brief and textual matter tables confined minimum. Each table should 
referred the text. 


REFERENCES: These should listed alphabetically authors’ names, 
numbered that order, and placed the end the paper. The form 
literature citation should that used this Titles papers should 
not given. The first page only the references cited should given. All 
citations should checked with the original articles. Each citation should 
referred the text means the key number. 


REPRINTS: total reprints each paper, without covers, are supplied free 
the authors. Additional reprints will supplied according prescribed 
schedule charges. request, covers can supplied cost. 


Approximate charges for reprints may calculated from the number printed 
pages, obtained multiplying 0.6 the number manuscript pages (double- 
spaced typewritten sheets, in. in.) and making allowance for space occupied 
line drawings and half-tones (not inserts). The cost per page tabulated the 
back the reprint request form sent with the galley. 


| 


Contents 


Page 


The Intensities Harmonic Bands the Molecule— 


The Near Ultraviolet Bands and the Dissociation 


Radial Matrix Element for the Quadrupole Transition with the 


Design and Operation ‘Mean Deviation Meter’—L. 


Note the Sensitivity Blectrical Bridge 
Romanowski and Dunn 342 


Printed Canada University Toronto Press 


0 


‘ 

q 

q 
4 


